
Feynman Parametrization Note

Leonard Wang

October 18, 2024

Abstract

This is a detailed derivation note primarily based on Chapter 6 of Professor Yu-tin Huang’s
hep-th paper, arXiv:1210.4226

1 Introduction

This is an unfinished note based on Chapter 6 of Professor Yu-tin Huang’s hep-th pa-
per[tHCH12]. I finished the derivation of I2tri and made some effort in deriving following formula,
I made some simplification but remaining red words means some puzzles to be solved in the future.

2 Embedding Formalism

Uplift 3-D vector to 5-D adding up constraining condition in order to manifest the symmetry
the system has.

Define of null 5 vector :
yi := (x⃗i, 1, x

2
i )

Note that the index i here is note the spacial index, it’s a label for different momentum
Define metric and Inner Product For Null Vector:
Convention:(i · j) := yi · yj = gMNyMi yNj = (xi − xj)

2

We can thus find the metric under the condition that
1. five-dimensional vector V is null vector, which satisfies the condition V · V = 0

2.The inner product (X · Y ) is equal to (X − Y )2:

gMN =


−2 0 0 0 0

0 −2 0 0 0

0 0 −2 0 0

0 0 0 0 1

0 0 0 1 0


Matrix representation of Inner product of (i · j) where the diagonal is zero is because the

null embedding formalism and the off-diagonal part which equals to yi − yi±1 = p2 = 0 represent
on shell condition
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η =



0 0 ∗ ∗ ∗ ∗ ∗ 0

0 0 0 ∗ ∗ ∗ ∗ ∗
∗ 0 0 0 ∗ ∗ ∗ ∗
∗ ∗ 0 0 0 ∗ ∗ ∗
∗ ∗ ∗ 0 0 0 ∗ ∗
∗ ∗ ∗ ∗ 0 0 0 ∗
∗ ∗ ∗ ∗ ∗ 0 0 0

0 ∗ ∗ ∗ ∗ ∗ 0 0


3 Feynman Para & Cheng-Wu Thm

3.1 Two Part Feynman Para

Here’s a integration trick:

1

AB
=

∫ 1

0

dx
1

[xA+ (1− x)B]2

And here’s an example:

1

(a · i)(a · j)
=

∫ 1

0

dα1
1

(α1(a · i) + (1− α1)(a · i))2
=

∫ 1

0

dα1dα2
δ(1− dα1 − dα2)

(α1(a · i) + α2(a · i))2

We set A = α1yi + α2yj numerator becomes (a · A)2. For the δ function part we can use
Cheng-Wu theorem to treat it as

∫∞
0

a1a2δ(1−α1 −α2) = Γ[3]
∫∞
0

da1da2

GL(1) 这里的系数有点小问题
there fore,

1

(a · i)(a · j)
= Γ[3]

∫ ∞

0

da1da2
GL(1)

1

(a ·A)2
(1)

3.2 N Part Feynman Para

The treatment on δ function should be careful, which is pretty trivial in previous case but
not here.

1

A1 · · ·An

= (n− 1)!

∫ 1

0

du1 · · ·
∫ 1−u1

0

du2 · · ·
∫ 1−

∑n−1
k=1 uk

0

dun

δ(1−
∑n

k=1 uk)(∑n

k=1 ukAk

)n ,

= (n− 1)!

∫ 1

0

du1

∫ u1

0

du2 · · ·
∫ un−2

0

dun−1×

1

[A1un−1 +A2(un−2 − un−1) + · · ·+An(1− un−1)]
n .

(2)

The original definition that can be considered as an integral transform is the second line;
hence, the first line is merely a deformation of such an integral transform under the action of the
δ function. Under the influence of the δ function, the integral can be expanded to

∫ 1

0
.

1

A1A2 · · ·An

=

∫ 1

0

du1 · · · dun δ
(∑

ui − 1
) (n− 1)!

[u1A1 + u2A2 + · · ·unAn]
n

2



Figure 1: Integration region with δ function constraint

For example, when n = 3,

1

ABC
=

∫ 1

0

dx dy dz δ(x+ y + z − 1)
2

[xA+ yB + zC]3
.

When using Mathematica for integration, after eliminating the δ function, one should handle
the integration intervals carefully, not all variables integrate from

∫ 1

0
. The correct handling is as

follows:

2×
∫ 1

0

∫ 1−y1

0

1

(xA+ yB + (1− x− y)C)3
dy dx

Intuitively, due to the presence of the δ function, the effective integration region is as shown
in the following figure, so the integration region is fixed when there is the δ function.

3.2.1 Schwinger Parametrization:

Other representations of 1
AB

– Schwinger Parametrization, referenced from [Sch14].

1

AB
= −

∫ ∞

0

τ dτ

∫ 1

0

dx eiτ(A+(B−A)x)

=

∫ 1

0

dx
1

[A+ (B −A)x]2
.

Some common formulas:

1

AnBm
=

Γ(m+mn)

Γ(m)Γ(n)

∫ ∞

0

ds
sm−1

(A+Bs)n+m

1

AB
=

∫ ∞

0

ds
1

(A+Bs)2
. (3)
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For products of multiple aj variables raised to the power of αj , the result is [KCL23],
n∏

j=1

(
i

aj

)αj

=

∫
[0,∞)

dns

n∏
j=1

1

Γ[αj ]
s
aj−1
j eiajsj =

∫
[0,∞)

dns eia·s
n∏

i=1

s
aj−1
j

Γ[αj ]
(4)

where
∫
[0,∞)

dns =
∏n

j=1

∫∞
0

dsj .

3.3 Cheng-Wu Thm:

[HM19]

3.4 Reproduction of (3.2)

Our goal is to prove following equation,∫
a

ϵ(a, i, j, k, l)

(a · i)(a · j)(a · k)(a · l)
−
∫

dF ϵ(i, j, k, l, ∂Y )

∫
a

Γ[3]

(a · Y )3

We would use following convention,
dF :=

∏4

i=1 dαiδ(1−
∑

i αi)

Y := α1yi + α2yj + α3yk + α4yl

By linearity:(a · Y ) = α1(a · i) + α2(a · j) + α3(a · k) + α4(a · l)
Derive:

∫
−3

((a · i)α1 + (a · j)α2 + (a · k)α3 + (a · l)α4)4
dα1 =

1

(a · i)((a · i)α1 + (a · j)α2 + (a · k)α3 + (a · l)α4)3

preserve−−−−−→
α1→0

1

(a · i)((a · j)α2 + (a · k)α3 + (a · l)α4)3∫
1

(a · i)((a · j)α2 + (a · k)α3 + (a · l)α4)3
dα2 = − 1

2(a · i)(a · j)((a · j)α2 + (a · k)α3 + (a · l)α4)2

preserve−−−−−→
α2→0

− 1

2(a · i)(a · j)((a · k)α3 + (a · l)α4)2∫
− 1

2(a · i)(a · j)((a · k)α3 + (a · l)α4)2
dα3 =

1

2(a · i)(a · j)(a · k)((a · k)α3 + (a · l)α4)

preserve−−−−−→
α3→0

1

2(a · i)(a · j)(a · k)(a · l)α4

Using Cheng Wu Theorem, by substituting α4 → 1 we have integrand I0

3.5 Single Loop Integral

Our goal is to obtaint (3.4) from (3.3), which is to prove:

Γ [3]

∫
a

1

(a · Y )
3 := Γ [3]

∫
dD+2aδ(a2)

i(2π)DVol(GL(1))
1

(a · Y )3(a · I)D−3
=

Γ
[
3− D

2

]
(4π)

D
2

1

(I · Y )D−3( 1
2
Y 2)3−

D
2

(5)
yI :=

(⃗
0D, 0, 1

)
Prove:
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Using GL(1) Symmetry to gauge fix (⃗a, a(D+1), a(D+2)) to (⃗a, 1, a(D+2))

Since δ(a2) = δ(a · a) = δ(gMNaMaN ), therefore aD+2 has to be a⃗ · a⃗
Thus

∫
a
=
∫

dDx
i(2π)D

where x is the component of a and we can use Loop Integral Formula
[PS95] ∫

ddℓ

(2π)d
1

(ℓ2 −∆)n
=

(−1)n i

(4π)d/2
Γ(n− d

2
)

Γ(n)

(
1

∆

)n− d
2

First lets deal with (a · Y ) Notice that inner product of Y which is Y · Y := Y 2 is no longer

zero along with a. Therefore we can not write (a · Y ) as [x⃗a − (
4∑

i=1

αiy⃗i)]
2, which only defines for

null vector inner product. Instead we have to write it as α1(a · i) +α2(a · j) +α3(a · k) +α4(a · l)
which is

α1(xa − yi)
2 + α2(xa − yj)

2 + α3(xa − yk)
2 + α4(xa − yl)

2

we can be written as

=

4∑
i=1

αi ×

(
a2 −

∑4

i=1 2αi(⃗a · y⃗)∑4

i=1 αi

)

=

4∑
i=1

αi ×

(
a−

∑4

i=1 αiyi∑4

i=1 αi

)2

−

(∑4

i=1 αiyi∑4

i=1 αi

)2

= (a− Y )
2 − Y 2

(6)

the last step is because
∑4

i=1 αi = 1.
So we can identify l⃗ as (⃗a− Y⃗ ) meanwhile dDl = dDa and ∆ as Y 2, and n = 3

And we can get
∫

dDx
i(2π)D

1
(((a−Y )2−Y 2)3)·(a·I)D−3

Here, a ·I and I ·Y are just factors used to balance the conformal weight. When incorporated
into the metric we obtain, both contribute a value of 1.

4 Feynman Parametrization In 2 Loop

Given Formula

Ii,i+2;i+2,i
2tri :=

∫
a,b

(i · i+ 2)2

(a · i)(a · i+ 2)(a · b)(b · i)(b · i+ 2)

Ii,i+2;i−2,i
2tri :=

∫
a,b

(i · i+ 2)(i · i− 2)

(a · i)(a · i+ 2)(a · b)(b · i− 2)(b · i)

Ii,i+2;i−3,i−1
2tri :=

∫
a,b

(i · i+ 2)(i− 1 · i− 3)

(a · i)(a · i+ 2)(a · b)(b · i− 3)(b · i− 1)

(7)
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4.1 I2tri Calculation

I1,3;3,12tri

Using formula in (9) and substituting i to 1

I1,3;3,12tri :=

∫
a,b

(1 · 3)2

(a · 1)(a · 3)(a · b)(b · 1)(b · 3)
(8)

Using formula (1) for loop variable a and b we obtain

I1,3;3,12tri = Γ[3]2
∫ ∞

0

[d1a1a3]

vol(GL(1))
[d1b1b3]

vol(GL(1))

∫
a,b

(1.3)2

(a ·A)2(a · b)(b ·B)2
. (9)

with A =
∑

i=1.3 aiyi and B =
∑

i=1.3 biyi.

For start, let’s dealing with first part
∫
a

1
(a·A)2(a·b) . Using a integral transformation similar

to α parametrization
∞∫
0

dx 1
(A+Bx)3

= 2
A2B

we can write it as

Γ(3)

∫ ∞

0

df

∫
a

1

(a · (A+ fb))3

More than that, we can use loop integral formula (5) with D = 3 we get

∫
df

Γ
[
3− 3

2

]
(4π)

3
2

1

(I · (A+ fb))3−3( 1
2
(A+ fb)2)3−

3
2

=

∫
df

1

16π

1

( 1
2
(A+ fb) · (A+ fb))3/2

We would ask b2 =0 (since all single 5- vector which satisfy (v⃗, 1, v2) are null under our
metric) and we get

1

4π
×
∫ ∞

0

df
1

4

1
1
2
(A2 + 2Abf + b2f2)3/2

b2=0−→ 1

4π
× 1

4

∫ ∞

0

df
1

1
2
(A2 + 2Abf)3/2

.
After integration of f we have

1

2

1√
1
2
A ·A(A · b)

• In the paper they would strip the 1
4π

for each loop for convenience.
These derivation means

∫
a

1
(a·A)2(a·b) =

1
2

1√
1
2A·A(A·b)

therefore∫
a,b

1

(a ·A)2(a · b)(b ·B)2
=

1

2

∫
b

1√
1
2
A ·A(A · b)(b ·B)2

Same transformation as above (By omitting 1/4π)
∫
a

1
(a·A)2(a·b) ≃

1
4

∫∞
0

df 1
( 1
2 (A+fb)·(A+fb))3/2

we get

1

2
√

1
2
A ·A

∫
a

1

(A · b) (b ·B)
2 ≃ 1

8

1√
1
2
A ·A

∫ ∞

0

de
1

( 1
2
(B + eA) · (B + eA))3/2

Using integration trick 1
4π

∫∞
0

dc 1√
c(Xc+Y )2

= 1

8
√
XY 3/2

we can write above integration as
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Figure 2: Enter Caption

∫ ∞

0

dc

4π
√
c

∫ ∞

0

de
1

(c 1
2
A ·A+ 1

2
(eA+B) · (eA+B))2

• Rmk: Since A2 ̸= 0 we can not use same procedure to reduce this integral.

4.1.1 Back to Integration (6.1)

Substitute our integral transformation in (6.1) and get

Γ(3)2
∫ ∞

0

[d1a1a3]

vol(GL(1))
[d1b1b3]

vol(GL(1))

∫ ∞

0

dc

4π
√
c

∫ ∞

0

de
1

(c 1
2
A ·A+ 1

2
(eA+B) · (eA+B))2

We can gauge fix e as 1. We can see that e is coupled to both A and B , we can remove
our gauge fixing on ai and bi to e. For example, when we remove the gauge from bi, it becomes
[d2b1b3] together with ai we have [d3a1a3b1b3]

不知道我的理解正不正确

I13312tri =

∫ ∞

0

dc

4π
√
c

∫
[d3a1a3b1b3]

vol(GL(1))
(1 · 3)2(

(1 + c) 1
2
A ·A+A ·B + 1

2
B ·B

)2 .
Now we need to deal with regularization, and all we need to do is to shift (i · j) → x2

ij +2µ2
IR

• Rmk we have to be careful with those (i · j) with i = j , which was previously dropped
as 0 but preserved in the regularization. The ordering of regularization should be watched out
for. And we only need to consider the leading behaviour of numerator so we can leave the
regularization away from the numerator.

4.1.2 Regularization

We define ϵ :=
µ2
IR

x2
13

and we simplify the inner product on denominator,

a21(1 · 1)
2

+ a1b1(1 · 1) +
b21(1 · 1)

2
+

1

2
a21c(1 · 1)

+ a1a3(1 · 3) + a3b1(1 · 3) + a1b3(1 · 3) + b1b3(1 · 3)

+ a1a3c(1 · 3) +
a23(3 · 3)

2
+ a3b3(3 · 3) +

b23(3 · 3)
2

+
1

2
a23c(3 · 3)

We do the regularization and divide the numerator, (i, i) → ϵ, (1, 3) → 1 + ϵ and we get,

a21ϵ+ a23ϵ+ 2a1b1ϵ+ b21ϵ+ 2a3b3ϵ+ b23ϵ+ a21cϵ+ a23cϵ

+ a1a3(1 + 2ϵ) + a3b1(1 + 2ϵ) + a1b3(1 + 2ϵ)

+ b1b3(1 + 2ϵ) + a1a3c(1 + 2ϵ)

which is exactly what was shown in the paper.

7



Change Variable Observing the homogeneous of denominator, we can do the variable
change by substitute the variables as

a1 = 1, b1 = x, a3 = a, b3 = ay,
[d3a1a3b1b3]

vol(GL(1)) = adadxdy

We gauge fix a1 as 1 and a1, b1 shares the same character in the integrand denominator, so does
a3, b3 So we may use x, y to represent their behavior,. Last but not least, we need a variable a to
describe the scaling behavior of those variables.

And there fore the denominator in side the square is

a

(a2ε (c+ (y + 1)2) + a(2ε+ 1)(c+ xy + x+ y + 1) + ε (c+ (x+ 1)2))
2

If we replace a in to 1
p

and change relevant integration measure, the integrand becomes

− p

(p2ε (c+ (x+ 1)2) + p(2ε+ 1)(c+ xy + x+ y + 1) + ε (c+ (y + 1)2))
2

The minus sign would be cancelled with the inversion of integral interval and get
∫∞
0

in the
end. Since we can do the inversion, we only need to consider the integration region of [1,∞] and
multiply by 2. In that region the term aϵ is suppressed by ϵ which can be thrown away when we
do the integration over a

a2cϵ+ a2y2ϵ+ 2a2yϵ+ a2ϵ+ 2acϵ+ ac

+ 2axyϵ+ axy + 2axϵ+ ax+ 2ayϵ+ ay + 2aϵ+ a+ cϵ+ x2ϵ+ 2xϵ+ ϵ

After throwing all therm include aϵ

ac+ axy + ax+ ay + a+ cϵ+ x2ϵ+ 2xϵ+ ϵ

Although it sees this operation messed up the inversion property of the integrand, this
operation still applies in the limit lim ϵ → 0 and we can prove this numerically. The result shown
in fig 3 reveals that even though we thrown away some term, integration over [0,∞] get same
result. In previous analysis, we see those integrand are same in the region of [1,∞] so we can
conclude that the integration are same in the region of [0, 1] which means the inversion symmetry
are preserved numerically. Since the integration over [1,∞] gives the form of

B
aA+B+log(aA+B)

A2

which is divergent, we can integrate on the dual region which is [0, 1]

4.2 Derive (6.6) and (6.7)

(6.6)

Integration that we have discussed above is written as

I13;312tri = 2

∫ ∞

0

dc

4π
√
c

∫ 1

0

ada

∫ ∞

0

dxdy

(a((1 + x)(1 + y) + c) + ϵ((1 + x)2 + c))2
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Figure 3: Verify inversion symmetry numerically

First we do the integration over a. Since
∫ 1

0
da a

(aA+B)2
=

− A
A+B+log(A+B)−log(B)

A2 , and B here
is ϵ((1 + x)2 + c)− 1, while ϵ ≪ 1 we can throw away this part in the final result and the leading
term is (log(A

B )−1)

A2 and therefore what we get is

2

∫
dc

4π
√
c

∫ ∞

0

dxdy
log (1+x)(1+y)+c

ϵ((1+x)2+c)
− 1

((1 + x)(1 + y) + c)
2 +O(ϵ)

We can separate the ϵ part along and make the integration to see the dependence on µIR

and ∫ ∞

0

dx
log(ϵ)

(c+ (x+ 1)(y + 1))2
= − log(ϵ)

(y + 1)(c+ y + 1)∫ ∞

0

dy
log(ϵ)

(y + 1)(c+ y + 1)
= − log(c+ 1) log(ϵ)

c

−2

∫ ∞

0

dc
log(c+ 1) log(ϵ)

4πc
√
c

= − log(ϵ)

Other coefficient can be calculated by mathematica.
(6.7)

From eqn (7) we have

I13;352tri =

∫
a,b

(1 · 3)(3 · 5)
(a · 1)(a · 3)(a · b)(b · 3)(b · 5)

First we’ll do feynman parametrization, and we get

I1,3;3,52tri = Γ[3]2
∫ ∞

0

[d1a1a3]

vol(GL(1))
[d1b3b5]

vol(GL(1))

∫
a,b

(1 · 3)(3 · 5)
(a ·A)2(a · b)(b ·B)2

with A =
∑

i=1.3 aiyi and B =
∑

i=3,5 biyi.

We use exact integral transformation trick mentioned above and
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∫
a,b

1

(a · 1)(a · 3)(a · b)(b · 3)(b · 5)
=

Γ(3)2
∫ ∞

0

[d1a1a3]

vol(GL(1))
[d1b3b5]

vol(GL(1))

∫ ∞

0

dc

4π
√
c

∫ ∞

0

de
1

(c 1
2
A ·A+ 1

2
(eA+B) · (eA+B))2

(10)
And well use same gauge fixing procedure as above and get

I13;352tri =

∫ ∞

0

dc

4π
√
c

∫
[d3a1a3b3b5]

vol(GL(1))
(1 · 3)(3 · 5)(

(1 + c) 1
2
A ·A+A ·B + 1

2
B ·B

)2
不知道怎么变换过去的
After regularization, the integrand can be written as

1

((a1 + b5)(a3 + b3) + a1b5 + ca1a3 + ϵ′((a1 + a3 + b3 + b5)2 + c(a1 + a3)2)2

对 collinear region 的处理
We identify the dangerous region as the collinear region a1 → 0 and b1 → 0 and therefore we

can drop the term a1, b5 multiplied by ϵ′ and
Now we’ll do the regularization

integrand =
1

(a1(a3c+ a3 + b3 + b5) + a23(c+ 1)ϵ′ + a3(2b3ϵ′ + b5) + b3(b3ϵ′ + b5))
2

∫ ∞

0

integranddb5

= − 1

(a1 + a3 + b3) (a1(a3c+ a3 + b3) + a23(c+ 1)ϵ′ + a3(2b3ϵ′) + b3(b3ϵ′))

After gauge fixing a3 = 1 and integrate a1we have∫ ∞

0

%da1 = −− log (ϵ′ ((b3 + 1)2 + c)) + log(b3 + c+ 1) + log(b3 + 1)

ϵ′ ((b3 + 1)2 + c)− (b3 + 1)(b3 + c+ 1)

Since ϵ′ ≪ 1 we can rewrite it as

log((b3 + 1)(b3 + c+ 1))− log ((b3 + 1)2 + c)− log(ϵ′)
(b3 + 1)(b3 + c+ 1)

For the integration dependence on ϵ′ we have the following

−
∫ ∞

0

db3
log(ϵ′)

(b3 + 1)(b3 + c+ 1)
= − log(c+ 1) log(ϵ′)

c

−
∫ ∞

0

dc
log(c+ 1) log(ϵ′)

4πc
√
c

= − log(ϵ′)
2

Other coefficient can be obtained by calculation on mathematica and we ’ll ultimately have
1− 1

2
log 4ϵ′ +O(µIR) as expected.
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5 Contraction of ϵ(∗, ∗, ∗, ∗, ∗) and Related Operations

5.1 1.0 Basic Formulas

Gram determinant formula (3.16)

ϵ(i1, . . . , i5)ϵ(j1, . . . , j5) := det [(ii · jj)]

ϵ(a, i, j, k, ∗)ϵ(b, l,m, n, ∗) := ϵ(a, i, j, k, µ)ϵ(b, l,m, n, µ)

Refer[CH11]
In the Embedding Formalism,

Xi =


1
2
x2
i

1

x⃗i



ϵ(5, 1, 2, 3, 4) =

∣∣∣∣∣∣∣
1
2
x2
5

1
2
x2
1

1
2
x2
2

1
2
x2
3

1
2
x2
4

1 1 1 1 1

x⃗5 x⃗1 x⃗2 x⃗3 x⃗4

∣∣∣∣∣∣∣
5.2 1.1 Derivation of Formula 6.9

Regarding the derivation of

ϵ(∂A, 1, 2, 3, ∗)ϵ(∂B, 4, 5, 6, ∗)
1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)2

The first step is

−2ϵ(∂A, 1, 2, 3, ∗)ϵ((A+B), 4, 5, 6, ∗) 1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

The second step is?

− 2ϵ(1, 1, 2, 3, ∗)ϵ((A+B), 4, 5, 6, ∗) 1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

+ 6ϵ((B +A(1 + c)), 1, 2, 3, ∗)ϵ((A+B), 4, 5, 6, ∗) 1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

Expression given by Jia Kai Guo

6

∣∣∣∣∣∣∣∣∣∣
(c+ 1)((A ·A) + (A ·B)) + (B ·A) + (B ·B) (1 ·A) + (1 ·B) (2 ·A) + (2 ·B) (3 ·A) + (3 ·B)

(c+ 1)(A · 4) + (B · 4) (1 · 4) (2 · 4) (3 · 4)
(c+ 1)(A · 5) + (B · 5) (1 · 5) (2 · 5) (3 · 5)
(c+ 1)(A · 6) + (B · 6) (1 · 6) (2 · 6) (3 · 6)

∣∣∣∣∣∣∣∣∣∣(
(c+ 1) 1

2
A ·A+A ·B + 1

2
B ·B

)4

−

2× 2

∣∣∣∣∣∣∣
(1 · 4) (2 · 4) (3 · 4)
(1 · 5) (2 · 5) (3 · 5)
(1 · 6) (2 · 6) (3 · 6)

∣∣∣∣∣∣∣
((c+ 1) 1

2
A ·A+A ·B + 1

2
B ·B)3

The current issue is how to get from
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2ϵ(∂A, 1, 2, 3, ∗)
(
ϵ((A+B), 4, 5, 6, ∗)

)
1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

I guess it should be equal to

2ϵ(1, 1, 2, 3, ∗)ϵ(1, 4, 5, 6, ∗) 1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

I’m not sure if this is equal to

2ϵ(∗, 1, 2, 3, ∗)ϵ(∗, 4, 5, 6, ∗) 1

((c+ 1) 1
2
A ·A+A ·B + 1

2
B ·B)3

Still hard to get the right coefficient

2× 2

∣∣∣∣∣∣∣
(1 · 4) (2 · 4) (3 · 4)
(1 · 5) (2 · 5) (3 · 5)
(1 · 6) (2 · 6) (3 · 6)

∣∣∣∣∣∣∣
((c+ 1) 1

2
A ·A+A ·B + 1

2
B ·B)3

6 Detailed integration

6.1 Formula 6.13

−
∫ ∞

0

dc

4π
√
c

∫
a1<b1,a3<b3

[d4a1a2a3b1b3]

vol(GL(1))
a2 + 2b1 + 2b3

(a2 + b1 + b3)2(b1b3 + a1a3c+ εa22(1 + c))2

1. Fix the gauge by setting a2 to maintain symmetry.
2. Integrate over a1 and a3 in the integrand, which does not contain c, to obtain the result:

(2b1 + 2b3 + 1)(log((c+ 1)(b1b3 + ε))− log(b1b3 + cε+ ε))

c(b1 + b3 + 1)2(b1b3 + cε+ ε)

3. Integrate over c to get a good result:

(2b1 + 2b3 + 1)
(
2
√
b1b3 + ε+

√
ε
(
log
(
− 4(

√
ε−

√
b1b3+ε)2

(
√
b1b3+ε+

√
ε)2

)
− 2
))

4(b1 + b3 + 1)2(b1b3 + ε)3/2

4. However, it is unclear how to proceed further.

6.2 Formula 6.14

Icol(y) :=

∫ ∞

0

dc

4π
√
c

∫
a1<b1

[d2a1a2b1]

vol(GL(1))
y(a2y + 2b1) log

(
(a2+b1)

2+c(a1+a2)
2

a2
2(1+c)

)
b1(b1 + a1c)(a2y + b1)2

=
π2

6
− Li2(1− y)

We choose to fix the gauge by setting a2. Then, the inner integral can be written as:

∫
a1<b1

d2a1b1
y(y + 2b1) log

(
(1+b1)

2+c(a1+1)2

1+c

)
b1(b1 + a1c)(y + b1)2

12



The result of integrating over a1 is:

y(2b1 + y)

b1c(b1 + y)2

(
−Li2

(
−
b1
(
c+ b1(

√
−c− 1) +

√
−c
)

b21 + c

)
+ log(c+ 1)

(
log(b21 + c)− log(c)

)
+ Li2

(
b1√

−cb1 + b1 − c+
√
−c

)
− Li2

(
b1
√
−c(c+ 1)

(−c)3/2 + c+ b1(c+
√
−c)

)
+ Li2

(
b1
√
−c

(−c)3/2 + c+ b1(c+
√
−c)

))
Using the formula −

∫
dtx log(t)

1−tx
= Li2(tx) + log(t) log(1− tx) to handle the Li2 terms, we get

the expression:

y(2b1 + y)

(
log(c+ 1) (log (b21 + c)− log(c))− 2b1c log(t)(b31(t(c−t+2)−1)+b21c(t2+1)+b1c((c+2)t−1)+c2)

(b21(c+(t−1)2)+2b1ct+c2+c)(b21(t(ct+t−2)+1)+2b1ct+c)

)
b1c(b1 + y)2

However, subsequent integrals over b1 or c are difficult to handle.

6.3 Formula 6.19

We need to verify the integral:

Iodd
box,tri(1) =

∫ ∞

0

dc

4π
√
c

log u2

u3
log(u1(c+ 1))

1− u1(c+ 1)
=

log u3

u2
arccos(√u1)

2
√

u1(1− u1)

Substituting the integral into Mathematica 13 yields the result:

(log(u2)− log(u3))((log(−√
u1 + i

√
1− u1)− iπ)(log(c)− log(1− u1))

8π
√

−((u1 − 1)u1)

+
arccos(√u1)(i log(c)− i log(1− u1)− 4π)

8π
√

−((u1 − 1)u1)

Using the identity arccosx = −i ln
(
x+

√
x2 − 1

)
, and considering that the first part contains

i arccos, we retain the real part of the result as follows:

−
arccos(√u1)(log(u2)− log(u3))

2
√

−((u1 − 1)u1)

7 Appendix

7.1 Properties Related to Li2(x)

Definition:
Li2(x) =

∞∑
n=1

xn

n2
=

∫ x

0

1

t

∞∑
n=1

tn

n
=

∫ 0

x

ln(1− t)

t
dt
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Common Formulas:
(1) Li2(x) + Li2

(
x

x−1

)
= − 1

2
ln2(1− x) (x < 1);

(2) Li2(x2) = 2Li2(x) + 2Li2(−x);
(3) Li2(x) + Li2(1− x) = π2

6
− lnx ln(1− x).

(4) Li2(−1) = − 1
12
π2

(5) Li2
(
1
2

)
= π2

12
− 1

2
ln2(2)

Reference: https://mathworld.wolfram.com/Dilogarithm.html

7.2 Useful Mathematica Commands

7.2.1 Li2(x)

The general Li2(x) is difficult to integrate with other functions; consider using integration
by parts, but the following method is more general:

****/. PolyLog[2, x_] :> (-x Log[t])/(1 - t x) // FullSimplify;
Assuming[** \[Element] PositiveReals && 1 > t > 0, ****];

**** // Expand;
Assuming[t \[Element] PositiveReals, Integrate[List @@ %, t]];
Normal[Assuming[u1 \[Element] PositiveReals && 0 > t > -1,

Series[% /. t -> 1 + t, {t, 0, 0}]]] /. Floor[__] -> 0;
Normal[Assuming[u1 \[Element] PositiveReals && 1 > t > 0,

Series[%%, {t, 0, 0}]]] /. Floor[__] -> 0;
Result = %% - % // Total

The mathematical basis for this method is

−
∫

dt
x log(t)
1− tx

= Li2(tx) + log(t) log(1− tx)

Finally, integrating term by term can improve computation speed; generally, after introducing t,
the series expansion yields many terms.

Maple cannot read the HyperInt.mpl file; may need to try an older version.

7.2.2 Numerical Verification of Integrals Using Random Numbers

temp = %;
Thread[Variables[temp /. Log -> Plus] ->
RandomReal[20, Length[Variables[temp /. Log -> Plus]]]]

NIntegrate[****/. %, {**, 0, Infinity}]
temp /. %%

Not expanding ‘Log‘ will recognize additional variables.
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7.2.3 Integration trick

Do the indefinite integral and treat the upper limit as 1/x , the integral over
∫∞
0

can be
represented by expansion.

Example code of integration of a1 over function IA2

Integrate[IA1, a1];
Assuming[a1 \[Element] PositiveReals && a2 \[Element] PositiveReals &&

a3 \[Element] PositiveReals && b4 \[Element] PositiveReals &&
b5 \[Element] PositiveReals && b6 \[Element] PositiveReals &&
c \[Element] PositiveReals && u1 \[Element] PositiveReals &&
u2 \[Element] PositiveReals && u3 \[Element] PositiveReals &&
u5 \[Element] PositiveReals,

Normal[Series[% /. a1 -> 1/a1, {a1, 0, 0}]]];
Assuming[a1 \[Element] PositiveReals && a2 \[Element] PositiveReals &&

a3 \[Element] PositiveReals && b4 \[Element] PositiveReals &&
b5 \[Element] PositiveReals && b6 \[Element] PositiveReals &&
c \[Element] PositiveReals && u1 \[Element] PositiveReals &&
u2 \[Element] PositiveReals && u3 \[Element] PositiveReals &&
u5 \[Element] PositiveReals, Normal[Series[%%, {a1, 0, 0}]]];

IA2 = %% - % // Simplify
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